In this work, meshless method of lines (MMOL) using Lagrange interpolation polynomials (LIPs) is used to solve one dimensional time dependent the coupled nonlinear sine-Gordon equations. An alternative approach called the meshless method of lines using Lagrange interpolation polynomials (MMOLLIPs) present to overcome demerit of calculation of interpolation matrix in meshless method of lines using radial basis functions (MMOL-RBFs). To test the accuracy of this new method, 2 and ∞ error norms are calculated for each test problems. Comparing the methodology with some known techniques shows that the present approach is effective, practice and powerful.
Introductıon
The study of the nonlinear coupled partial differential equations are an important subject in the mathematics and physics. They describe many important physical, chemical and biological phenomena, and their use recently has spread into economics, finance, image processing, medicine and other fields. It is difficult to obtain analytical solutions of their. Thence, researchers use the numerical techniques for obtaining the approximate solutions.
In this paper, we investigate the following one dimensional coupled sineGordon equations where 0 , 0 , 1 , 2 , and are known functions, ( , ) and ( , ) are unknown functions (Ilati et al., 2014) .
Due to large area of applications of coupled sine-Gordon equations, several authors have studied solution of this equation using different techniques such as method of lines (Bratsos, 2007) , radial basis functions collcation methods (Ilati et al., 2014) , meshless method of lines using RBFs (Hussain et al., 2013) , the modified Adomian decomposition method (Saha Ray, 2006) .
The method of lines (MOL) is a general procedure for the solution of time dependent partial differential equations. But, MOL is mesh-based numerical method. The meshless methods have an edge over the mesh-based numerical methods. In recent years, researchers interest application of meshless methods using RBFs. But the accuracy of the solution which is obtained using RBFs based on mainly shape parameter and determination of this parameter is still open problem (Haq et. al., 2010) . Also, using this method may be countered with problem ill-contioned of interpolation matrix in MMOL-RBFs (Shen, 2009 ). There is drawback of MMOL-RBFs.
Meshless methods should possess the Kronecker delta function property, which is also preferable condition. If the shape functions satisfy the Kronecker delta function property, it is easy to calculate interpolation matrix (Nguyen et. al., 2008) . Since RBFs are not satisfy the Kronecker delta function property, we select Lagrange interpolation polynomials which is satisfy the Kronecker delta function property as shape function for the numerical solution of time-dependent nonlinear partial differential equations.
Detailed examination of the method of lines in Schiesser (1991) 2012) can be seen. The rest of the paper is as follows: In Section 2, the proposed method is given. In Section 3, presents the implementation scheme and numerical experiments to demonstrate the effectiveness of the method. Section 4 contains discussion.
Numerıcal Scheme
Discretization of the special derivatives, using Lagrange interpolation approximation, reduce Eq. (1.1) to second order ODE. In order to reduce it to first order ODE, we use the substitution ( , ) = ( , ) and ( , ) = ( , ). Thus, we have the following system of equations:
with the initial conditions
The approximate solution of ( , ) and ( , ) is given in meshless method by
∈ where = ( 1 , 2 , … , ) ∈ Ω ⊂ ℝ , : Ω → ℝ are the shape functions and the 's and 's are the nodal values at particle located at position and is the set of nodes for which ( ) ≠ 0 (Nguyen et. al., 2008) .
Here shape functions obtain from Lagrange interpolation polynomials. If a polynomial is selected as basis function, then ( ) = 1 + 2 + 3 2 + ⋯ and this basis function has kronecker-delta property. with ∆= 2 − 1 the determinat of matrix (Hildebard, 1987) . General form can be written as follows:
We choose nodal point 1 , 2 , … , . Eq. (2.3) can be written as
where
We write Eq. (2.5) and (2.6) in matrix format = (2.7) = (2.8)
is called the interpolation matrix, consisting of function forming the basis of the approximation space. It follows from Eq. (2.5), (2.6), (2.7) and (2.8) that
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where M(x) = N T (x)A −1 . Approximation of ( , ) and ( , ) can be obtained likewise approximation of ( , ) and ( , ). Applying Eq. (2.10) and (2.11) to (2.1), collocating at each node , we get
in the similar fashion
Initial conditions with corresponding Eq. (2.1) are given by
Now, we solve the system of ODEs Eq. (2.12) and (2.13) using the well known ODE solvers with MATLAB such as classical forth order Runge Kutta method (RK4).
Implementatıon
In this section, we apply the above mentioned scheme for numerical solution of one dimensional coupled sine-Gordon equations. Results are compared with analytical solution and some earlier work which is used Multiquadric (MQ), Gaussian (GA) and Inverse Multiquadric (IMQ) functions from RBFs as shape functions. In the numerical examples, we use the following norms to assess the performence of our method:
where is approximate solution and is the exact solution (Haq et. al., 2012) . The pointwise rate of convergence in space and time are calculated by using the following formulae log(‖ − ℎ ‖/‖ − ℎ +1 ‖) log(ℎ /ℎ +1 ) and
where the term is the exact solution, whereas ℎ and are the numerical solutions with step size ℎ and time step size respectively (Haq et. al., 2012) .
To maintain both the stability and reasonable accuracy of proposed method, special attention must be given to the conditon number of system matrix which is determined by Hussain, Haq and Uddin (2013) ( ) = ‖ −1 ‖‖ ‖. The results are presented in Tables 1-8 . Table 1 and 2 shows ∞ error norm respectively ( , ) and ( , ) at different time levels. Table 3 and 4 shows 2 error norm respectively ( , ) and ( , ) at different time levels. It is clear from the tables that solution which is obtained by using Lagrange interpolation polynomials have much higher accuracy than RBFs. In Tables 5-8 The results are presented in Tables 9-16 . 2 error norms for ( , ) and ( , ) are obtained respectively in Table 9 and 10 at different time levels. ∞ error norms for ( , ) and ( , ) are obtained respectively in Table 11 and 12 at different time levels. It is clear from the tables that solution which is obtained by using Lagrange interpolation polynomials have much higher accuracy than RBFs. In Tables 13-16 , the condition number and convergence rate are given for fixed values of shape parameter , = 3,5,7 (in spatial convergence) and = 0.0002, 0.0004, 0.0008 (in time convergence). These tables show that as we are increasing the value of for fixed value of , for ( , ), condition numbers remains same, 2 , 2 , ∞ increases, ∞ decreases and for ( , ), condition numbers remains same, 2 , ∞ increases, 2 and ∞ decreases. It can be observed that for fixed value of , for ( , ) the condition number, 2 , ∞ , ∞ increases as the value of increases whereas 2 decreases and for ( , ) the condition number, 2 , ∞ , ∞ and 2 increases as the value of increases. 
Conclusıon
In this work the meshless method of lines using Lagrange interpolation polynomials was applied to find out the numerical solution second order, one dimensional nonlinear equations. The results obtained were compared with those available in the literature. It was found that the results obtained using the proposed technique are better and easy to implement. Different examples were considered to explore the accuracy, stability and convergence of the applied method. Results show that stability depends on condition number. Condition numbers for different values of and are given for all examples. From such tables one can see that using Lagrange interpolation polynomials as increases for fixed value dt condition number increases and as dt increases for fixed value N condition number remains same. A interpolation matrix is unit matrix, since Lagrange interpolation polynomials are used as shape function. Consequently, it is not need to calculate inverse of A interpolation matrix. This is very important. Because, method is not applied when the matrix inverse unknown. Furthermore, when Lagrange interpolation polynomials used as a shape function, it doesn't encountered with problem illconditioned of interpolation matrix. But, when RBFs used as shape function may be countered with problem ill-conditioned of interpolation matrix.
The proposed method can be easily applied to other nonlinear problems in higher dimensions as it does not require a mesh generation in the problem domain, which is a very challenging and time consuming task in mesh-based techniques. This is one of advantages of the present method over the conventional mesh-based methods.
Other advantage is that: The accuracy of MMOL-RBFs solutions depends on heavily interpolation matrix and choice of the shape parameter (c). But this is not require in MMOL-LIPs.
Thus, we can say that the meshless method of lines with Lagrange interpolation polynomials is effective and sensitive numerical method to solve time dependent nonlinear coupled partial differrential equations.
